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Abstract: For a connected graph G = (V, E), let a set M be a minimum monophonic hull 
set of G. A subset T C M is called a forcing subset for M if M is the unique minimum 
monophonic hull set containing T. A forcing subset for M of minimum cardinality is a 
minimum forcing subset of M. The forcing monophonic hull number of M , denoted by 
fmn(M), is the cardinality of a minimum forcing subset of M. The forcing monophonic 
hull number of G, denoted by fimn(G), is finn(G) = min {fmn(M)}, where the minimum is 
taken over all minimum monophonic hull sets in G. Some general properties satisfied by this 
concept are studied. Every monophonic set of G is also a monophonic hull set of G and so 
mh(G) < h(G), where h(G) and mh(G) are hull number and monophonic hull number of 
a connected graph G. However, there is no relationship between f,(G) and fmn(G), where 
fn(G) is the forcing hull number of a connected graph G. We give a series of realization 


results for various possibilities of these four parameters. 


Key Words: hull number, monophonic hull number, forcing hull number, forcing mono- 


phonic hull number, Smarandachely geodetic k-set, Smarandachely hull k-set. 


AMS(2010): 05C12, 05C05 


§1. Introduction 


By a graph G = (V, E), we mean a finite undirected connected graph without loops or multiple 
edges. The order and size of G are denoted by p and gq respectively. For basic graph theoretic 
terminology, we refer to Harary [1,9]. A convexity on a finite set V is a family C of subsets of 
V, convex sets which is closed under intersection and which contains both V and the empty set. 
The pair(V, F) is called a convexity space. A finite graph convexity space is a pair (V, £), formed 
by a finite connected graph G = (V, F) and a convexity C on V such that (V, £) is a convexity 
space satisfying that every member of C induces a connected subgraph of G. Thus, classical 
convexity can be extended to graphs in a natural way. We know that a set X of R” is convex if 
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every segment joining two points of X is entirely contained in it. Similarly a vertex set W of a 
finite connected graph is said to be convex set of G if it contains all the vertices lying in a certain 
kind of path connecting vertices of W [2,8]. The distance d(u, v) between two vertices u and v in 
a connected graph G is the length of a shortest u—v path in G. An u—v path of length d(u, v) 
is called an u — v geodesic. A vertex x is said to lie on a u — v geodesic P if x is a vertex of P 
including the vertices u and v. For two vertices u and v, let I[u, v] denotes the set of all vertices 
which lie on u—v geodesic. For a set S of vertices, let I[S] = U(u.)es [u,v]. The set S is convex 
if I[S] = S. Clearly if S = {v}or S = V, then S is convex. The convexity number, denoted 
by C(G), is the cardinality of a maximum proper convex subset of V. The smallest convex set 
containing S is denoted by J;,(S') and called the convex hull of S. Since the intersection of two 
convex sets is convex, the convex hull is well defined. Note that S C I[S] C I,[S] C V. For an 
integer k > 0, a subset SC V is called a Smarandachely geodetic k-set if I[S\J St] =V anda 
Smarandachely hull k-set if I,(S\JS*) = V for a subset St C V with |St| < k. Particularly, if 
k = 0, such Smarandachely geodetic 0-set and Smarandachely hull 0-set are called the geodetic 


set and hull set, respectively. The geodetic number g(G) of G is the minimum order of its 
geodetic sets and any geodetic set of order g(G) is a minimum geodetic set or simply a g- set 
of G. Similarly, the hull number h(G) of G is the minimum order of its hull sets and any hull 
set of order h(G) is a minimum hull set or simply a h- set of G. The geodetic number of a 
graph is studied in [1,4,10] and the hull number of a graph is studied in [1,6].A subset T C S' is 
called a forcing subset for S if S is the unique minimum hull set containing T. A forcing subset 
for S of minimum cardinality is a minimum forcing subset of M. The forcing hull number of 
S, denoted by fn(S), is the cardinality of a minimum forcing subset of S. The forcing hull 
number of G, denoted by fn(G),is frn(G) = min { fr(S)}, where the minimum is taken over all 
minimum hull sets S in G. The forcing hull number of a graph is studied in[3,14]. A chord of 
a path wo, U1, U2, ..,Un is an edge uju; with j > i+2(0< i,j <n). A u-—v path P is called 
a monophonic path if it is a chordless path. A vertex x is said to lie on a u — v monophonic 
path P if x is a vertex of P including the vertices u and v. For two vertices u and v, let J[u, v] 
denotes the set of all vertices which lie on u — v monophonic path. For a set M of vertices, let 
J[M] = Vu vem [u,v]. The set M is monophonic convex or m-convex if J[M] = M. Clearly if 
M = {v} or M =V, then M is m-convex. The m-convexity number, denoted by C,,(G), is the 
cardinality of a maximum proper m-convex subset of V. The smallest m-convex set containing 
M is denoted by J;,(M) and called the monophonic convex hull or m-convex hull of M. Since 
the intersection of two m-convex set is m-convex, the m-convex hull is well defined. Note that 
M C J[M] C Jn(M) CV. A subset M C V is called a monophonic set if J[M] = V and 
a m-hull set if J,(4/) = V. The monophonic number m(G) of G is the minimum order of 
its monophonic sets and any monophonic set of order m(G) is a minimum monophonic set or 
simply a m- set of G. Similarly, the monophonic hull number mh(G) of G is the minimum 
order of its m-hull sets and any m-hull set of order mh(G) is a minimum monophonic set or 
simply a mh- set of G. The monophonic number of a graph is studied in [5,7,11,15] and the 
monophonic hull number of a graph is studied in [12]. A vertex v is an extreme vertex of a 
graph G if the subgraph induced by its neighbors is complete.Let G be a connected graph and 
M a minimum monophonic hull set of G. A subset T C M is called a forcing subset for MW 
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if M is the unique minimum monophonic hull set containing T. A forcing subset for M of 
minimum cardinality is a minimum forcing subset of M. The forcing monophonic hull number 
of M, denoted by finn(M), is the cardinality of a minimum forcing subset of M. The forcing 
monophonic hull number of G, denoted by fmn(G), is fma(G) = min{fmn(M)}, where the 
minimum is taken over all minimum monophonic hull sets M in G.For the graph G given in 
Figure 1.1, M = {v1, vg} is the unique minimum monophonic hull set of G so that mh(G) = 2 
and fmn(G) = 0. Also S$; = {v1,u5,ug} and Sy = {v1,v6,vg} are the only two h-sets of G 
such that fr(S1) = 1, fr(S2) = 1 so that f,(G) = 1. For the graph G given in Figure 1.2, 
M, = {v1, v4}, Mo = {v1, v6}, M3 = {v1, v7} and Mg = {v1,vg} are the only four mh-sets of 
G such that finn(M1) = 1, firn(M2) = 1, frn(M3) = 1 and finn(M1) = 1 so that finn(G) = 1. 
Also, S = {v1,v7} is the unique minimum hull set of G so that h(G) = 2 and f;,(G) = 0. 
Throughout the following G denotes a connected graph with at least two vertices. 


U3 
V1 U2 U7 U8 
U9 
G 
Figure 1.1 
U3 
U1 U2 V4 
U5 
G 
Figure 1.2 


The following theorems are used in the sequel 


Theorem 1.1 ({6]) Let G be a connected graph. Then 


a) Each extreme vertex of G belongs to every hull set of G; 
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(b) h(G) = p if and only if G = Ky. 
Theorem 1.2 ((3]) Let G be a connected graph. Then 


(a) fr(G) =0 if and only if G has a unique minimum hull set; 
(b) fr(G) < h(G) — |W], where Wis the set of all hull vertices of G. 


Theorem 1.3 ((13]) Let G be a connected graph. Then 


(a) Each extreme vertex of G belongs to every monophonic hull set of G; 
(b) mh(G) = p if and only if G= Kp. 


Theorem 1.4 ({12]) Let G be a connected graph. Then 


(a) fmn(G) = 0 if and only if G has a unique mh-set; 
(b) fmn(G) < mh(G) — |S|, where S is the set of all monophonic hull vertices of G. 


Theorem 1.5 ({12]) For any complete Graph G = K,(p > 2), fnn(G) = 0. 


§2. Special Graphs 


In this section, we present some graphs from which various graphs arising in theorem are 
generated using identification. 

Let Uj; : a%, Bi, Vi, 01, a(1 < 7 < a) be acopy of cycle C4. Let V; be the graph obtained from 
U; by adding three new vertices 7;, fi,g; and the edges Gini, ni fi, figs, GiOi, MV is Fein Gis < 
i <a). The graph T, given in Figure 2.1 is obtained from V;’s by identifying y;-1 of V;-1 and 
a; of Vi(2<i<a). 


NVA 
V7 
Y 


Figure 2.1 


Let P; : ki, li, mi, ni, ki(1 < i < b) bea copy of cycle Cy. Let Q; be the graph obtained from 
P, by adding three new vertices h;,p; and q; and the edges I;h;, hipi, pig, and qym;(1 <i < b). 
The graph W, given in Figure 2.2 is obtained from Q,’s by identifying m;_1 of Q;-1 and k, of 
Qi(2 <i <b). 
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Figure 2.2 
The graph Z given in Figure 2.3 is obtained from W, by joining the edge Ijn;(1 <i < b). 
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Figure 2.3 


Let Fj : 5;, tj, 2, Wi, $;(1 < i < c) be acopy of cycle Cy. Let R; be the graph obtained from 
F, by adding two new vertices u;, v; and joining the edges tju;, ujw;, tiwi, uv; and uj;x;(1 <i < 
c). The graph H, given in Figure 2.4 is obtained from R;’s by identifying the vertices x;_1 of 
R,-1 and s; of Ri(1 <i<c). 
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Figure 2.4 


Every monophonic set of G is also a monophonic hull set of G and so mh(G) < h(G), 
where h(G) and mh(G) are hull number and monophonic hull number of a connected graph G. 
However, there is no relationship between f;,(G) and fmn(G), where f;,(G) is the forcing hull 
number of a connected graph G. We give a series of realization results for various possibilities 
of these four parameters. 
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§3. Some Realization Results 


Theorem 3.1 For every pair a,b of integers with 2<a< b, there exists a connected graph G 
such that fnn(G) = fr(G) = 0, mh(G) =a and h(G) = b. 


Proof If a =b, let G = K,. Then by Theorems1.3(b) and 1.1(b), mh(G) = h(G) = a and 
by Theorems 1.5 and 1.2(a), fma(G) = fn(G) = 0. For a < b, let G be the graph obtained from 
Thp-a by adding new vertices x, 21, Z2,°-* ,Zqa—1 and joining the edges 701, Yp—aZ1, Yo—aZ2;°°* 5 
Yo-aZa-1- Let Z = {x, 21, 22,°-+ , Za—1} be the set of end-vertices of G. Then it is clear that Z 
is a monophonic hull set of G and so by Theorem 1.3(a), Z is the unique mh-set of G' so that 
mh(G) = a and hence by Theorem 1.4(a), fmn(G) = 0. Since I,(Z) 4 V, Z is not a hull set of 
G. Now it is easily seen that W = ZU { fi, fo,--- , fo-a} is the unique h-set of G and hence by 
Theorem 1.1(a) and Theorem 1.2(a), h(G) = 6 and fr(G) = 0. 


Theorem 3.2 For every integers a,b andc withO<a<b<candc>a+b, there exists a 
connected graph G such that fnn(G) = 0, fr(G) = a, mh(G) = b and h(G) =c. 


Proof We consider two cases. 


Case 1. a=0. Then the graph 7), constructed in Theorem 3.1 satisfies the requirements of 
the theorem. 


Case 2. a= 1. Let G be the graph obtained from W, and T,_ (a+) by identifying the vertex 
Ma of Wa and ay, of Ty_(a4) and then adding new vertices x, 21, 22,-++ , 2-1 and joining the 
edges tk1, Ye—b—a21; Yo—b—a225°** > Ye-b-aZb—1- Let Z = {x, 2, 22,-++ , 2-1}. Since J;,(Z) = V, 
Z is a monophonic hull set G and so by Theorem 1.3(a), Z is the unique mh- set of G so that 
mh(G) = b and hence by Theorem 1.4(a), fmn(G) = 0. Next we show that h(G) =c. Let S be 
any hull set of G. Then by Theorem 1.1(a), Z C S. It is clear that Z is not a hull set of G. For 
1<i<a, let H; = {p;,q}. We observe that every h-set of G must contain at least one vertex 
from each H;(1 < i < a) and each f;(1 <i < c—b—a) so that h(G) > b+a+c—a—b=c. Now, 
M = ZUf{q,@,-°: ,dasU{fi, fa,: +: , fe-p—a} is a hull set of G so that h(G) < b+a+c—b-—a=c. 
Thus h(G) = c. Since every h-set contains S$; = ZU {fi, fa,--: , fe-p—a}, it follows from 
Theorem 1.2(b) that fn(G) = h(G) — |Si| = c— (c—a) =a. Now, since h(G) = c and every h- 
set of G contains Sj, it is easily seen that every h-set S is of the form $,U {dj, do,--- ,da},where 
d; € Hi(1<i<a). Let T be any proper subset of S with |T| < a. Then it is clear that there 
exists some j such that TM H; = ¢, which shows that f,(G) =a. 


Theorem 3.3 For every integers a,b andc with0O<a<b<candb>a+1, there exists a 
connected graph G such that fr(G) = 0, fmn(G) = a,mh(G) = b and h(G) =c. 


Proof We consider two cases. 


Case 1. a=0. Then the graph G constructed in Theorem 3.1 satisfies the requirements of 
the theorem. 


Case 2. a> 1. 
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Subcase 2a. b=c. Let G be the graph obtained from Z, by adding new vertices x, 21, Z2,--- , 
Zp—a—1 and joining the edges xky,mMa21,Ma22,°°* ,MaZp—a-1- Let Z = {x, 21, 22,°°+ , 2—-a-1} 
be the set of end-vertices of G. Let S be any hull set of G. Then by Theorem 1.1(a), Z CS. 
It is clear that Z is not a hull set of G. For 1 <i <a, let H; = {hi,p;,q;}. We observe that 
every h-set of G must contain only the vertex p; from each H; so that h(G) <b-—a+a=b. 
Now S = ZU {pi,po,p3,°-: ,Pa} is a hull set of G so that h(G) > b—a+a = b. Thus 
h(G) = b. Also it is easily seen that S is the unique h-set of G and so by Theorem 1.2(a), 
fn(G) = 0.Next we show that mh(G) = b. Since J;,(Z) 4 V, Z is not a monophonic hull set of 
G. We observe that every mh-set of G must contain at least one vertex from each H; so that 
mh(G) > b-—at+az=b. Now M, = ZU{q, g, 43,°-: ; da} is a monophonic hull set of G so that 
mh(G) < b—a+a=b. Thus mh(G) = b. Next we show that fmn(G) = a. Since every mh-set 
contains Z, it follows from Theorem 1.4(b) that fmn(G) < mh(G)—-|Z| = b- (b-—a) =a. Now, 
since mh(G) = b and every mh-set of G contains Z, it is easily seen that every mh-set M is of 
the form ZU {dj, dz, d3,--- ,da}, where d; € Hj(1 <i<a). Let T be any proper subset of M 
with |T| < a. Then it is clear that there exists some j such that TMH; = ¢, which shows that 
fimn(G) =a. 


Subcase 2b. b < c. Let G be the graph obtained from Z, and T,_» by identifying the 
vertex mq of Z_ and a, of T._» and then adding the new vertices 2, 21, 22,--- ,Zp—a—1 and 
joining the edges ©a1, Ye—b21, Ye—b22;°** » Ve—b2b—-a—-1- Let Z = {x, 21, 22,-++ , 2-a-1} be the 
set of end vertices of G. Let S be any hull set of G. Then by Theorem 1.1(a), Z C S. Since 
I,(Z) 4 V, Z is not a hull set of G. For 1 <i <a, let H; = {hi, pi, q;}. We observe that every 
h-set of G must contain only the vertex p; from each H; and each f;(1 < i < c—b) so that 
h(G) > b-—atat+c—b=c. Now S= ZU {pi, po, ps,-++ , Pas U {fi, fo, fa,-++ , fe-v}is a hull 
set of G so that h(G) < b—a+a+c—b=c. Thus h(G) =c. Also it is easily seen that S$ 
is the unique h-set of G and so by Theorem 1.2(a), fn(G) = 0. Since J,(Z) AV, Z is not a 
monophonic hull set of G. We observe that every mh-set of G must contain at least one vertex 
from each H;(1 <i < a) so that mh(G) > b—a+a=b. Now, M, = ZU {hi, ha, h3,--+ ha} 
is a monophonic hull set of G so that mh(G) < b—a+a=b. Thus mh(G) = b. Next we 
show that fna(G) = a. Since every mh-set contains Z, it follows from Theorem 1.4(b) that 
fimn(G) < mh(G) — |Z| = b- (b-— a) =a. Now, since mh(G) = 6 and every mh-set of G 
contains Z, it is easily seen that every mh-set S' is of the form ZU {dj, do, d3,--- ,da}, where 
d; € H;(1<i<a). Let T be any proper subset of S with |T| < a. Then it is clear that there 
exists some j such that TM H; = ¢, which shows that fmn(G) =a. 


Theorem 3.4 For every integers a,b andc withO<a<b<candb>a+1, there exists a 
connected graph G such that fmn(G) = fr(G) = a, mh(G) = b and h(G) = c. 


Proof We consider two cases. 


Case 1. a=0, then the graph G constructed in Theorem 3.1 satisfies the requirements of the 
theorem. 


Case 2. a> 1. 
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Subcase 2a. b =c. Let G be the graph obtained from H, by adding new vertices x, 21, Z2,--- , 
Zp—a—1 and joining the edges 151, %a21, %a22,°** ,Lazp—-a-1- Let Z = {x, 21, 22,°*+ , Zb-a-1} be 
the set of end-vertices of G. Let M be any monophonic hull set of G. Then by Theorem 1.3(a), 
Z CM. First we show that mh(G) = b. Since Jn(Z) 4 V, Z is not a monophonic hull set of 
G. Let F; = {ui, vj} (1 <i <a). We observe that every mh-set of G must contain at least one 
vertex from each F;(1 <i<a). Thus mh(G) > b-—a+az=b. On the other hand since the set 
M = ZU {v1, v2, 03,+++ , Va} is a monophonic hull set of G, it follows that mh(G) < |M| = b. 
Hence mh(G) = b. Next we show that finz(G) =a. By Theorem 1.3(a), every monophonic hull 
set of G contains Z and so it follows from Theorem 1.4(b) that fma(G) < mh(G) — |Z| = a. 
Now, since mh(G) = b and every mh-set of G contains Z, it is easily seen that every mh-set 
M is of the form Z U {c1, c2,¢3,-+- , Ca}, where ¢; € Fj(1 <% <a). Let T be any proper subset 
of S with |T| < a. Then it is clear that there exists some j such that TM F; = ¢, which shows 
that fnn(G) =a. By similar way we can prove h(G) = b and f;,(G) =a. 


Subcase 2b. b <c. Let G be the graph obtained from H, and T,_» by identifying the vertex 
Zq of H, and the vertex a, of T,_» and then adding the new vertices x, 21, 22,--- , Zp—a—1 and 
joining the edges 281, Ye—21, Ye—b22;'** > Ye-b2b-a-1- First we show that mh(G) = b. Since 
Jn(Z) 4 V, Z is not a monophonic hull set of G. Let F; = {u;,u;} (1 <7 < a) .We observe that 
every mh-set of G must contain at least one vertex from each F;(1 <i <a). Thus mh(G) > 
b—a+a=b. On the other hand since the set M = ZU {v1, v2, v3,-++ , Va} is a monophonic hull 
set of G, it follows that mh(G) > |M| = b. Hence mh(G) = b. Next, we show that fmn(G) =a. 
By Theorem 1.3(a), every monophonic hull set of G contains Z and so it follows from Theorem 
1.4(b) that fmn(G) < mh(G) - |Z| = a. Now, since mh(G) = 6 and every mh-set of G 
contains Z, it is easily seen that every mh-set is of the form M = ZU {c1, c2,¢3,--- ,Ca}, where 
co, € Fi(1 <i<a). Let T be any proper subset of M with |T| < a. Then it is clear that there 
exists some j such that TUF; = ¢, which shows that finn(G) = a. Next we show that h(G) =. 
Since I;,(Z) 4 V, Z is not a hull set of G. We observe that every h-set of G must contain at least 
one vertex from each F;(1 < i < a) and each f;(1 < i < c—b) so that h(G) > b—a+a+c—b=c. 
On the other hand, since the set S$; = ZU {u1, ua, u3,°+- , Wah UL fi, fa, fs,--+ , fev} is a hull 
set of G, so that h(G) < |Si1| = c. Hence h(G) = c. Next we show that f,(G) = a. By 
Theorem 1.1(a), every hull set of G contains Sg = ZU {fi, fo, fs,--- , fe-v} and so it follows 
from Theorem 1.2(b) that f,(G) < h(G) — |S2| = a. Now, since h(G) = c and every h-set of 
G contains S9, it is easily seen that every h-set S is of the form S = SU {c1,c2,¢3,°-+ , Ca}, 
where c; € Fi(1 <i <a). Let T be any proper subset of S with |T| < a. Then it is clear that 
there exists some j such that TM F; = ¢, which shows that f,(G) = a. 


Theorem 3.5 For every integers a,b,c andd witth0O<a<b<c<djc>a+1,d>c—a+tb, 
there exists a connected graph G such that finn(G) = a, frn(G) = b, mh(G) = c and h(G) = d. 


Proof We consider four cases. 


Case 1. a=b=0. Then the graph G constructed in Theorem 3.1 satisfies the requirements 
of this theorem. 


Case 2. a=0,b> 1. Then the graph G constructed in Theorem 3.2 satisfies the requirements 
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of this theorem. 


Case 3. 1<a=b. Then the graph G constructed in Theorem 3.4 satisfies the requirements 
of this theorem. 


Case 4. 1<a< b. Let G, be the graph obtained from H, and Wy_, by identifying the vertex 
Xq Of Hg and the vertex k, of W,_a. Now let G be the graph obtained from Gy and Tq_(c—a+0) 
by identifying the vertex mp—a of Gi and the vertex a1 of Ty_(c_a+») and adding new vertices 


©, 21, 22,°°* 5 &ce-a-1 and joining the edges U51, Vd—(c—a+b)*1s Vd—(c—a+b)%2)°** » Yd—(c—a+b)%c—a-1- 
Let Z = {x, 21, 22,--+ ,Zc—a—1} be the set of end vertices of G. Let F; = {uj,v;}(1 <i <a). 
It is clear that any mh-set S is of the form S = ZU {c1,¢2,¢3,-++ ,Ca}, where c; € Fj(1 < 


i <a). Then as in earlier theorems it can be seen that fm;(G) = a and mh(G) = c. Let 
Q; = {p,q}. It is clear that any h-set W is of the form W = ZU { fi, fa, fa,- °° Ta ceaey U 
{€1, €2,€3,°°+ Cas U{di, do, d3,--- , dpa}, where ¢; € Fi(1<i< a) andd,; €Q,(1<j < b—-a). 
Then as in earlier theorems it can be seen that f,(G) = b and h(G) = d. 


Theorem 3.6 For every integers a,b,c andd witha<b<c<dandc>b+1 there exists a 
connected graph G such that fr(G) = a, finn(G) = b, mh(G) = c and h(G) = d. 


Proof We consider four cases. 


Case 1. a=b=0. Then the graph G constructed in Theorem 3.1 satisfies the requirements 
of this theorem. 


Case 2. a=0,b> 1. Then the graph G constructed in Theorem 3.2 satisfies the requirements 
of this theorem. 


Case 3. 1<a=b. Then the graph G constructed in Theorem 3.4 satisfies the requirements 


of this theorem. 
Case 4. 1<a<b. 


Subcase 4a. c= d. Let G be the graph obtained from H, and Zp_q by identifying the 
vertex £q of H, and the vertex k, of Z,_, and then adding the new vertices 2, 21, 22, ..., Ze—b-1 
and joining the edges 181, Mp_a21, Mp—a22, +) Mb—aZc—b-1- First we show that mh(G) = c. 
Let Z = {a, 21, Z2,...;Ze—b-1} be the set of end vertices of G. Let F; = {uj,vi} (1 <7 < a) 
and H; = {hi,pi,q}(1 < i < b—a). It is clear that any mh-set of G is of the form S = 
ZU {C1, C2, 63, «+, Ca }U{ dr, de, dg, ..., dpa}, where ¢; € Fi(1 <i <a) andd; € Hj(1<j < b—a). 
Then as in earlier theorems it can be seen that finn(G) = b and mh(G) = c. It is clear that any 
h-set W is of the form W = ZU{p1, po, ps, ---; Po—a }U{C1, C2, C3, +. Caf, Where c; € Fi(1 <i<a). 
Then as in earlier theorems it can be seen that f,(G) = a and h(G) = c. 


Subcase 4b. c < d. Let G, be the graph obtained from H, and Zp_, by identifying 
the vertex x, of H, and the vertex k; of Zp. Now let G be the graph obtained from Gj 
and Tqy_. by identifying the vertex mp_, of G; and the vertex a; of Tg_. and then adding 
new vertices Z, 21, Z2,°++ , Ze--p—1 and joining the edges @81, Yq—e21, Yd—c225°** > Yd—cZce—b—1- Let 
Z = {&, 21, 22,°** »Zc-b-1} be the set of end vertices of G. Let F; = {u;,u;}(1 < i < a) and 
A; = {hi,pi,a}( <i < b-—a). It is clear that any mh-set of G is of the form S = ZU 
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{c1, C2, ¢3, shi Cat U{di, do, ds, td ,dp—a}, where c; € F,(1 SS a) and d; E H;(1 < j < b—a). 
Then as in earlier theorems it can be seen that fmn(G) = band mh(G) = c. It is clear that any h- 


set W is of the form W = ZU {p1, P2; D3; ae »Po-afs UL fi, fa; fa, re , fa—c} U{er, C2, €3, ie Cah; 
where c¢; € Fj(1 <i < a). Then as in earlier theorems it can be seen that f,(G) = a and 


h(G) =d. 
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